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Abstract 

We first construct a consistent Kaluza-Klein reduction ansatz for type IIB theory 
compactified on Sasaki-Einstein manifolds Y p ' q with Freund-Rubin 5-form flux giving 
rise to minimal M = 2 gauged supergravity in five dimensions. We then investigate 
the i?-charged black hole solution in this gauged supergravity, and in particular study 
its thermodynamics. Based on the gauge theory/string theory correspondence, this 
non-extremal geometry is dual to finite temperature strongly coupled four- dimensional 
conformal gauge theory plasma with a [/(l)ij-symmetry charge chemical potential. We 
study transport properties of the gauge theory plasma and show that the ratio of shear 
viscosity to entropy density in this plasma is universal. We further conjecture that 
the universality of shear viscosity of strongly coupled gauge theory plasma extends to 
nonzero i?-charge chemical potential. 
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1 Introduction 



The gauge theory/string theory correspondence of Maldacena [1-4] provides a valuable 
insight into the nonperturbative dynamics of strongly coupled gauge theory plasma. 
However, on the string theory side, this duality is tractable only for weakly curved 
backgrounds and with small string coupling, i.e., in the supergravity approximation. 
Following the Maldacena correspondence, this implies that the dual four dimensional 
gauge theory must be strongly coupled at all energy scales. Unfortunately, this latter 
condition excludes a dual supergravity description of real QCD. Nonetheless, one ex- 
pects that certain universal properties of strongly coupled gauge theory plasma derived 
in the planar limit and for large 't Hooft coupling would persist for real QCD as well. 

A noteworthy example of such a universal property is the ratio of shear viscosity 
to the entropy density. In [5-7] a theorem was proven that, in the absence of chemical 
potentials, a gauge theory plasma in the planar limit and for infinitely large 't Hooft 
eouphj in theories that admit a dual supergravity description has a universal ratio 
of shear viscosity 77 to the entropy density s: 

- = j-. (i.i) 

S 47T 

Furthermore, other transport properties of the strongly coupled non-conformal gauge 
theory plasma, like the speed of sound c s and the bulk viscosity (, while not universal, 
have a certain generic behavior in the near-conformal limit [10-12] 



c 

v 




K-2...5. (1.2) 



Introduction of a nonzero chemical potential in the strongly coupled gauge theory 
plasma violates the sufficient condition under which the universal result (ll.ip has been 
derived [5,7]. On the other hand, it was recently shown [13-15] that the universality 
(11.11) persists in M = 4 supersymmetric Yang-Mills plasma even with nonzero R- 
charge chemical potentials^. Thus it appears that the shear viscosity relation (II. ip is 
more robust than originally anticipated in [5-7]. However, further exploration of shear 
viscosity with chemical potential in strongly coupled four-dimensional gauge theory 



1 Finite 't Hooft coupling corrections to shear viscosity of the AT = 4 supersymmetric SU(N) 
Yang-Mills theory plasma were discussed in [8,9]. 

2 The shear viscosity of the M2-brane plasma also appears to satisfy the universal relation (jl.ip [16]. 
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plasma has been hampered by the fact that, until recently, few models exist where the 
dual supergravity solutions are easily accessible. 

The most well understood system is of course Af = 4 Yang-Mills plasma, which is 
holographically dual to IIB on AdS 5 x S 5 . From a five- dimensional point of view, this 
dual is given by Af = 8 gauged supergravity, which may be obtained by reduction of the 
ten-dimensional theory on S 5 . The Af = 4 Yang-Mills theory has an SO (6) -R-symmetry 
which may correspondingly be identified with the isometries of S 5 . It is then possible 
to turn on up to three commuting i?-charges under the maximum abelian subgroup 
U(l) 3 C SO (6). At the same time, this sub-sector of the full gauged supergravity 
admits a consistent truncation to Af = 2 supergravity coupled to two abelian vectors, 
commonly referred to as the STU model. As a result, explicit investigations of the 
nonzero i?-charge sector of thermal Af = 4 Yang-Mills can be easily performed in 
the context of the STU model. In particular, non-extremal i?-charged black holes 
were constructed in [17], and their thermodynamics were investigated in [18-21]. In 
addition, these five-dimensional solutions can be uplifted to the full IIB theory and 
investigated from the ten-dimensional point of view [22,23]. 

The uplifting of five- dimensional gauged supergravity solutions to ten dimensions 
is closely related to the existence of a full non-linear Kaluza-Klein reduction ansatz 
of the original IIB theory. As it turns out, a complete proof of the consistency of the 
reduction of IIB theory on S 5 has yet to be given. Nevertheless, it is generally assumed 
to be consistent based on the linearized construction as well as explicit reductions to 
subsets of the full Af = 8 theory in five dimensions. In particular, the reduction to 
the STU model is given in [22], while reduction to Af = 4 in five dimensions was given 
in [24] , and reduction of the metric and self-dual 5- form on S 5 was given in [25] . 

Although Af = 4 Yang-Mills has proven to be a fruitful system to investigate, it 
would be highly desirable to explore models with reduced supersymmetry. In this 
context, the explicitly constructed Sasaki-Einstein metrics Y p ' q [26, 27] have led to 
rapid new developments in understanding their holographically dual Af = 1 Yang- 
Mills theories. At the same time, however, much of this progress has been restricted to 
either zero temperature or zero chemical potential (or both). What we aim to do below 
is to make progress towards the study of Af = 1 Yang-Mills plasma at finite .R-charge 
chemical potential. To do so, we first construct the consistent non-linear Kaluza-Klein 
reduction of IIB on Y p ' q giving rise to gauged Af = 2 supergravity in five dimensions, 
and then turn to the thermodynamics and hydrodynamics of the corresponding R- 
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charged black holes. 

In general, the Kaluza-Klein reduction of a higher- dimensional theory on an in- 
ternal manifold Y generally involves both 'massless' lower-dimensional fields (related 
to zero modes on Y) and the Kaluza-Klein tower of massive states. This distinction, 
however, is not entirely clear, except perhaps in the case where Y is a torus. Con- 
sistency of the reduction to the massless sector then depends on the decoupling of 
the Kaluza-Klein tower, and this is a highly non-trivial condition. For T n reductions, 
truncation to the zero modes is guaranteed to be consistent, as this is a truncation to 
the charge singlet sector of U(l) n . However, for spheres or more complicated manifolds 
Y, it is often the case that the states that are considered 'massless' (such as states in 
the lower-dimensional gauged supergravity multiplet) carry non-trivial internal charge. 
These charged states then have the potential of acting as sources to the Kaluza-Klein 
tower, thus rendering the truncation inconsistent unless some appropriate symmetry 
or conspiracy among fields is in place. 

As an example of this inconsistency, consider for example the compactification of 
IIB on T 1 ' 1 . The resulting five-dimensional theory is Af = 2 gauged supergravity with 
a full Kaluza-Klein spectrum which was obtained in [28]. Because the isometry of T 1,1 
is SU(2) x SU(2) x U(l), the massless gauge bosons transform under the identical 
group. Since the U(l) gauge boson is clearly the Af = 2 graviphoton coupling to 
U(1)r, the massless sector may be described as Af = 2 gauged supergravity coupled to 
SU (2) x SU (2) vector multiplets. It turns out, however, that it is inconsistent to retain 
these SU(2) x SU(2) vector multiplets in any truncation to the massless sector [29]; 
the only consistent truncation is to pure Af = 2 gauged supergravity. This, however, is 
sufficient for our needs, as the pure supergravity sector is all that is needed for uplifting 
the i?-charged configurations of interest. 

The more general case of IIB reduced on Y p ' q is similar. For generic Y p ' q , its isom- 
etry is SU(2) x U(l) x U(l), and the resulting Kaluza-Klein reduction yields Af = 2 
gauged supergravity coupled to SU(2) x U(l) vector multiples in the massless sector. 
Only the truncation to minimal Af = 2 gauged supergravity is consistent, and the re- 
sulting geometries are holographically dual to certain strongly coupled superconformal 
quiver gauge theories [30,31]. Working at finite temperature and i?-charge in these 
gauge theories corresponds to taking an i?-charged black hole in the supergravity de- 
scription. Such black holes carrying U(1)r graviphoton charge have been discussed 
in [17], and simply correspond to STU black holes with three equal charges. Given 
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these black holes and the Kaluza-Klein reduction ansatz on Y p ' q , we may then study 
the thermodynamics and hydrodynamics of such objects. In particular, we examine the 
shear viscosity and the speed of sound in the strongly coupled superconformal plasma 
which is holographically dual to the black hole background. We find that the shear 
viscosity and entropy density in the quiver gauge theories [30,31] continues to satisfy 
the universality relation (11. ip . even in the presence of a nonzero chemical potential. 
Although we do not provide a proof, we believe that this universality ( 11. ip is likely to 
be true in any gauge theory plasma with i?-charge chemical potentials turned on. 

This paper is organized as follows. In the following section, we present the Kaluza- 
Klein reduction ansatz for IIB on Y p,q giving rise to minimal M = 2 gauged supergravity 
in five dimensions. We then take up the thermodynamics of .R-charged black hole 
solutions of this M = 2 gauged supergravity in section 3 and the hydrodynamics in 
section 4. Finally, we present our conclusions in section 5. 



2 J\f = 2 gauged sugra from type IIB string theory on Y p,q 
manifolds with 5-form fluxes 

A five-dimensional Sasaki-Einstein manifold Y is an Einstein manifold preserving some 
fraction of supersymmetry such that the cone over Y is (non-compact) Calabi-Yau. It 
is well known that a Sasaki-Einstein manifold Y admits a constant norm Killing vector 
field, known as the Reeb vector. The existence of the Reeb vector allows the metric on 
Y to be written as a U(l) bundle over a four-dimensional Kahler-Einstein base B 

ds\Y) =ds 2 {B) + \{di) + A)\ (2.1) 

where dA = 6 J and J is the Kahler form on B. 

The Freund-Rubin compactification of IIB on S 5 admits a straightforward gener- 
alization where S 5 is replaced by the Sasaki-Einstein manifold Y. Taking only the 
metric and self-dual 5-form, the only ten-dimensional IIB equations of motion that we 
are concerned with are the Einstein and 5-form equations 
I i 

Run = ^^^F MP q RS F n pqrs , dF^ = 0, F (5) = *F( 5 ). (2.2) 



In addition, the IIB gravitino variation is given by 



Vm + ~ ^ F NP q RS T npqrs T m 



(2.3) 



5 



The resulting Freund-Rubin ansatz is then of the form 

ds 2 l0 = ds 2 (AdS 5 ) + ^ds 2 (Y), F (5) = (1 + *)G (5) , G {5) = Age {5) , (2.4) 

where 6(5) is the five-dimensional volume form of AdSs, and g is the coupling con- 
stant of the five-dimensional gauged supergravity (corresponding to the inverse AdSs 
radius). The five- dimensional theory is described by Af = 2 gauged supergravity, and 
is holographically dual to an J\f = 1 superconformal gauge theory. 

Since Y has the form of (12.11) . there is a natural symmetry corresponding to the U(l) 
fiber. On the gravity side, the gauge boson under this U(l) is the M = 2 graviphoton, 
while on the SCFT side this symmetry is just the U(1)r symmetry. In order to retain 
the graviphoton, the Freund-Rubin metric ansatz f)2.4p may be extended in the obvious 
manner 

ds 2 10 = g (iv dx il dx v + -j (ds 2 (B) + ±(# + A + A^dx") 2 ) , (2.5) 

where g^ v is the five-dimensional metric and is the graviphoton. The reduction of 
F(5) has the form 



F {5) = (1 + *)G (5) , G (5) = Age {5) - -^J {2) A * 5 F (2) , (2.6) 

£g 



where J 12) is the Kahler form on B and Fp) = dAm with Am = A^dx^. At a linearized 
order in gauge potential A^, and without the backreaction of its field strength on the 
metric, the ansatz (12.51) . (}2.6j) appeared previously in [32]. We claim here that (12.51) 
and (12.61) are in fact consistent at a nonlinear level. 

The above Kaluza-Klein reduction ansatz, (12. 5p and (12. 6p . gives rise to equations 
of motion that may be obtained from the five- dimensional Lagrangian 

e~ l C 5 = R+ 12g 2 - ±F%, + ^e^F^F pX A a . (2.7) 

This is the bosonic sector of minimal M = 2 gauged supergravity in five dimensions. 
As written, the graviphoton is non-canonically normalized. However canonical nor- 
malization may be achieved by the rescaling A^ — > \f?>A^. Note, also, that the five- 
dimensional Newton's constant G 5 of this J\f = 2 gauged supergravity is related to the 
ten dimensional Newton's constant Gio according to 

5 volume (Y) ^ 
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Although the above results hold in general, much of the interest in this system 
is due to the availability of explicit Sasaki-Einstein metrics Y p,q that were originally 
constructed in [26,27]. When IIB is compactified on Y p ' q , the resulting AdSs back- 
grounds are holographically dual to explicit Af = 1 superconformal quiver gauge theo- 
ries SCFT P ' 9 [30,31]. The special case of Y 1,0 corresponds to T 1 ' 1 , and the dual gauge 
theory was investigated in [33]. To make the above more explicit, we will first work 
out the T 1,1 reduction in detail, and then follow with the extension to general Y p ' q 
manifolds. 



2.1 T 1 1 reduction of IIB 

The well known case of IIB on AdSs x T 1 ' 1 was originally investigated in [33], and this 
has led to numerous important variations. Furthermore, this was one of only a few 
explicitly known examples of reduced supersymmetry systems, at least until the recent 
construction of an infinite family of Y p,q manifolds. As indicated in the introduction, 
although T 1 ' 1 admits an SU (2) x SU(2) x U(l) isometry, it is only consistent to truncate 
to minimal M = 2 supergravity with the U(l) gauged by the M = 2 graviphoton. 
Following (12.51) and (12.61) . and expressing T 1,1 as U(l) bundled over S 2 x S 2 , the 
reduction ansatz is as follows 



ds 2 w 



'(5) 



g ilv dx ih dx v + — \(d0\ + sin 2 Q x 



>D + |(^2+ sin 2 9 2 d<Pl) 



+ ^ (dip + COS d\ dtfix + COS 6*2 d(p2 + gA(i) ) 



(1 + *) 



4^(5) + T7T^( sin #1 d °i A #1 + sin °2 d9 2 A d(j) 2 ) A * 5 F (2 ) 
18g z 



.(2.9) 



Before proceeding with the reduction, it is natural to introduce a vielbein basis for 
the T 1 ' 1 coordinates 



e 1 = -j^dOi, e 2 = ^sin6»id0i, e 3 = ^rf6» 2 , e 4 = ^sin6» 



72 U(p 2 , 



.5 _ 1 



(dip + cos 6i d(f>i + cos #2 d(f>2 + gA^). 



(2.10) 



Note that the self-dual Kahler form on the S 2 x S 2 base is given by Jm\ = — e 1 A e 2 — 
e 2 A e 4 , where the sign is chosen to match (12.11) and (12.61) . Using the relations 

de 1 = 0, de 2 = v 7 ^ cot 1 e 1 A e 2 , de 3 = 0, de A = v^cot 9 2 e 3 A e 4 , 
de 5 = 2J (2) + lgF (2) , (2.11) 
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we may obtain the spin-connections 

u 12 = -V6cot6e 2 + e 5 , u M = -y/E cot 6 2 e 4 + e 5 , 

u 15 = e 2 , u 25 = -e\ u 35 = e\ cu i5 = -e 3 , (2.12) 

on T 1 ' 1 , as well as 

= u (S)o0 _ _ F a/3 e 5 ) ^5 = __p<x Ji ^ ( 2 .13) 

65 6 

for the mixed components. 

The above vielbeins are naturally given for the unit radius T ' 1 . Hence the rewriting 
of (I2.9P in terms of the above vielbeins introduces several factors of g as follows: 



ds\ = g^ u dx fJ 'dx u H — - y^(e' 



i\2 



7 (5) = (1 + *) 



4ge{5) ~ 3^ J(2) A * sF(2) 



^ ,1 a „2 A 3 A 4 A 5 I 1 T a / , r? 1 5 



4 ( ^ e (5) H — j e A e A e A e A e J — — j J {2 ) A ( * 5 F (2) + ~e° A F (2) ] . 



g A J 3g 2 " V " ; 5 



(2.14) 



Since the Kahler form is closed, dJ^) — 0, it is now easy to see that the ten-dimensional 
Bianchi identity dFi^ = yields the five- dimensional Bianchi identity and equation of 
motion for Fp) 

dF {2) = 0, d * 5 F {2 ) = -|F (2) A F {2) . (2.15) 

Note that, to verify the Bianchi identity, we also need the fact that J( 2 ) A J( 2 ) gives twice 
the volume form on the Einstein-Kahler base, namely J( 2 ) A Jm = 2c 1 A e 2 A e 3 A e 4 . 

Turning next to the ten-dimensional Einstein equation, we note that it splits into 
several components, fiis, ij, and We find that the \iv components gives the five- 
dimensional Einstein equation 

Rfu = -%V + W, X F V X - \g, u F 2 ), (2.16) 

while the internal ij components are identically satisfied. In addition, the mixed /x5 
component yields the 2-form equation of motion 

V A F V = -± e ^ pXa F^F x °, (2.17) 
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which is identical to the one given in (12.151) in form notation. As indicated at the 
beginning of this section, the combined equations of motion ( 12. 15)) and (12.161) may be 
obtained from the Lagrangian (12.71) for minimal gauged supergravity in five dimensions. 

Although we have only focused on the bosonic fields of the reduction, it ought to be 
apparent that the full Kaluza-Klein reduction onto M = 2 gauged supergravity includ- 
ing the gravitino is a consistent one. To see this, we may highlight the reduction of the 
IIB gravitino variation ( 12.3[) . In order to proceed, we first introduce a decomposition 
of the ten-dimensional Dirac matrices 

T A = { 7 a ® \ ®o\l®^ a ®a 2 }. (2.18) 

By convention, we take the product of spacetime Dirac matrices to be 7°7 1 7 2 7 3 7 4 = — % 
and internal Dirac matrices to be t 1 ^ 2 ^ 3 ^ 4 ^ 5 = 1. In addition, the IIB gravitino ip^ and 
supersymmetry parameter e are ten-dimensional Weyl spinors satisfying the chirality 
projection T 11 e = e where T 11 = T . . . T 9 = 1 <g> 1 <g> a 3 . As a result, such chiral IIB 
spinors may be written as 

(2.19) 

Given this decomposition of the Dirac matrices, we now proceed with the reduction. 
The gravitino variation (12.31) is perhaps most straightforwardly investigated in tangent 
space. Using (12.141) for the 5-form, and taking chirality into account, we note that 

F B cDEFT BCDEF T a = -m[24g la - (7 12 + f 4 )^^, 
F B cDEFT BCDEF T a = 40[24^ Ta -(7 12 + 7 34 )^ 7T ^7 a ]. (2.20) 

Combining this with the covariant derivatives formed from the spin connections (12.121) 
and (I2.13p . we obtain the spacetime variation 

= [VL 5) - 9 A a d^ + j- 2 F a ^f - ±F p ^ la (f 2 + 7 34 ) + §<77a]e, (2.21) 
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as well as the T 1,1 variations 

*Vi = [V6d 9l - ±F aPl ^l\-f 2 + f 4 ) + ff(l - *7 34 )K 
<ty 2 = [Vecsc^^-iF^f (-f 2 +f 4 ) + |7 2 (l-if 4 )]e 
-v^cot d l {d i> + ±7 12 )e, 

5^ = [v^csc^ 2 -^F Q ^7 4 (7 12 - 7 34 ) + i7 4 (l-^ 12 )]e 
-v / 6cot^ 2 (9 v , + i7 34 )e, 

= [3^-^ 7 ^(2-z7 12 -^ 4 ) + |(f 2 + 7 34 + ^7 5 )]e- (2.22) 

The internal Dirac matrices provide a spinor representation of the SO (5) tangent 
space of T 1 ' 1 . This 4 of SO (5) corresponds to taking the independent weights Z7 12 = ±1 
and «7 34 = ±1. Examining the variations (I2.22p . we see that the Killing spinor must 
take the weights ry 12 = 27 s4 = 1. Furthermore, 7 5 is not independent, and must have 
corresponding eigenvalue 7 5 = —1. Thus this T 1 ' 1 background preserves 1/4 of the 
supersymmetries, and the Killing spinor rj of T 1,1 satisfies the projections 

ij 12 v = i^ u r] = -7 5 t? = T). (2.23) 

The T 1,1 Killing spinor equation is now trivial to solve, and the resulting solution is 

7) = ei%, (2.24) 

with 7]o satisfying the above projections. This demonstrates that the Killing spinor 
is charged along the £7(1) fiber. This charge is of course expected, and gives rise 
to a charged gravitino in five dimensions as appropriate for the gauged supergravity 
theory. Inserting this Killing spinor into (12.211) . and rewriting this variation using 
curved indices, we finally obtain 

W„ = [V? - \gA, + £( 7 / A - 4^ 7 A )^A + y 7 ,]e, (2.25) 

which is the appropriate gravitino variation for minimal Af = 2 gauged supergravity 
in five dimensions. 
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2.2 Y p < q reduction of IIB 



We now turn to the case of Y p,q . As expected, the reduction of IIB on Y p,q is almost 
identical to that for T 1,1 . We start with the metric on Y p ' q written as [27,30] 



9 

1 



; V (d6 2 + sin 2 6 d(j) 2 ) + — dy 2 + — ( d (3 + cos 9 d(f)) 2 

wv 



6 



wv 
36 



where 



+ -(dip - cos 9 dcf) + y(d/3 + cos 9 d(f>) + gA (1) Y , 
9 



2(a-y 2 ) a-3y 2 + 2y 3 

w = — , v = 



i-y ' 

and introduce the natural vielbein basis 



a - y l 



(2.26) 
(2.27) 



i-y 



dti, 



6 



sin 9 d(f>, 



V6H 



dy, 



H 



(df3 + cos 9 d<f>), 



e 5 = -(dt/j — cos 9 d(f) + y(d(3 + cos9d4>) + gA^). 



(2.28) 



For later convenience, we have defined the functions 



H 




wv 
6~ 



a — 3y 2 + 2y 3 



3(1-0) ' 
which satisfy the relation 



K 



H 



2(1 -y) 



<a — 3y 2 + 2y 3 

12(1 -a) 3 " 



dy H 



(2.29) 



(2.30) 



In terms of the vielbeins, the 5-form ansatz takes the same form as that given above 
for the T 1 ' 1 case. In particular 



'(5) 



(1 + *) 



4^(5) - g^J(2) A* 5 F (2) 



(2.31) 



where the Kahler form is given by J( 2 ) = e 1 A e 2 + e 3 A e 4 . Using the relations 
de 1 = -jQKe 1 A e 3 , de 2 = V6K e 2 A e 3 + J— — cot9e 1 A e 2 , 

V i -y 

de 3 = 0, cfe 4 = VQ^K-j^je 3 Ae 4 -2 v / 6^e 1 A e 2 , 



cie 5 = 2(e 1 Ae 2 + e 3 Ae 4 ) + -F (2) , 



(2.32) 
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we see that 

d[e x A e 2 ) = -2V6K e 1 A e 2 A e 3 , d(e 3 A e 4 ) = 2^^ e 1 A e 2 A e 3 . (2.33) 

As a result, d(e 4 Ae 2 +e 3 Ae 4 ) = 0, giving an explicit demonstration that the Kahler form 
is closed, namely dJm = 0. As a result, the ten-dimensional Bianchi identity dF^ = 
again reduces to the five-dimensional Bianchi identity and equation of motion ( 12.151) . 
Similarly, the reduction of the ten-dimensional Einstein equation follows just as in the 
T 1,1 case. The resulting bosonic fields g^ u and are then described by the Af = 2 
Lagrangian (12. 7p . 

Turning to the IIB gravitino variation, we first compute the spin connections from 
( I2T32D 



u 12 = -J-^cotOe 2 + V6Ke 4 - e 5 , lu 13 = -V6K e\ 00 14 = V6Ke 2 , 

V 1 -y 

cu 23 = -V6Ke 2 , cu 24 = -y/6Ke\ u 34 = (k - -|) e 4 - e 5 , 

u 15 = -e 2 , u 25 = e\ u 35 = -e 4 , u 45 = e 3 , (2.34) 

and 

u aP = w (5)a/3 _ .l^gS, uj a5 = —F"^. (2.35) 

6g 6 
Since the 5-form reduction (I2.3ip has the same form as for the T 1,1 case, the reduction 
of F ■ TV a results in an expression identical to (12.201) . however with the replacement 
Fp^ — > —Fp 7 due to the opposite sign convention for the Kahler form J( 2 ). 

The IIB gravitino variation (12. 3p then breaks up into the spacetime component 

= [V<? - gA a d^ + i- 2 F a ^^ + ±F Pll ^ la (f 2 + 7 34 ) + \g la \e, (2.36) 

and Y p,q components 

-^a/37 Q V(7 12 - 7 34 )K 
6^ 2 = [^(l-^-^^sc^-cot^ + cot^^-i^ 2 ))-^^ 24 ^ 12 -^ 34 ) 

+ if (1 + ^34) _ ^ Fa ^~2 { ~12 _ 

5^ 3 = [v^^ + |7 3 (l + z7 12 ) + ^ 7 a,3 7 3 (7 12 - 7 34 )]e, 

<ty 4 = [VQH-%- v ^^- 1 (^-if 4 ) + iv^K(f 2 - 7 34 ) + f7 4 (l + H 12 ) 



+ ^^7 Q/3 7 4 (7 12 - 7 34 )]e, 
<ty B = [3^-i(7 12 + 7 34 -z7 5 )-^ 7 a/3 (7 12 + 7 34 - 20]e. (2.37) 
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It is clear from the above that the Killing spinor r] on Y p,q is given by 

V = e^ijo, il 12 Vo = il U Vo = l 5 Vo = ~Vo, (2.38) 

and hence the spacetime component (I2.36j) reduces to the expected Af = 2 gravitino 
variation (12.251) . 

Although the derivation of this reduction ansatz is straightforward (since in essence 
we are only performing a Kaluza-Klein reduction along a U(l) fiber), the exact Kaluza- 
Klein ansatz is extremely useful in that it enables us to greatly expand the investiga- 
tions of gauge theories at finite -R-charge chemical potential. This is what we now turn 
to in the following sections. 



3 .R-charged black holes and their thermodynamics 

Working in the Poincare patch of AdS5, we may consider the following black hole ansatz 
in the minimal gauged supergravity described by ( 12.71) : 

dsl = -c\ (dtf + c\ (dxf + 4 (drf . (3.1) 

Here the functions only depend on the radial coordinate r, namely q = Q(r). In order 
to work in a given .R-charge sector, we must also consider turning on a gauge field 
potential 

A t = a(r). (3.2) 

Solving the equations of motion (12.151) . (I2.16P within the ansatz (13.11) . (13.21) yields 

h/2 -l / 2QciC 3 
ci = r / 1 , c 2 = r, 03 = 0!, a = 3 — , 

( 3 - 3 ) 

r 4 9r 6 ' 

where the prime denotes a derivative with respect to r, /1 is the non-extremality pa- 
rameter and the parameter Q is related to the R charge of the black hole. 

Let us compute the renormalized (in the sense of [34]) Euclidean gravitational action 
Ie of (12.71) . First, we regularize (12. 7h by introducing a boundary dJ\A$ at fixed (large) 



13 



r with the unit orthonormal space-like vector oc 5p 

i r . r i 



or 

^ 5 _ 16ttG 



5 Jr+ 



dr I d i^C E = - 
ldM 5 



dr / d^V^gC 

5 Jr + JdM 5 



16ttG 5 
167rG R 



2C2C1C' 



c 3 



c 3 



dMr, 



(3.4) 



where the subscript E indicates that all the quantities are to be computed in Euclidean 
signature, and r + is the outer black hole horizon, i.e., the largest positive root of 



f(r+) = 0. 

The black hole temperature and entropy are given by 

Q 2 rm 



H 



5 ■ 



Sbh — 



4G B 



(3.5) 



(3.6) 



As usual, to have a well-defined variational problem in the presence of a boundary 
requires the inclusion of the Gibbons-Hawking Sgh term 



S 



GH 



8nG. 
8ttG 5 

where h av is the induced metric on dA4 5 



^5 J dMr, 



(ci4)' 

c 3 



(3.7) 



h 



(3.8) 



Finally, as in [34], we supplement the combined regularized action {SI + Sgh) by the 
appropriate boundary counterterms constructed out of metric invariants on the bound- 
ary dM$ 

1 



^counter 



(3.9) 



16nG 5 j dMr> 

In the present case the boundary curvature vanishes, so there are no extra counterterms. 
The renormalized Euclidean action I E defined as 



I E = lim SI + S G h + S 



counter 



(3.10) 
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is finite. 

We now proceed to the computation of the ADM mass for the background (13. ip . 
Following [34] we define 

M= [ d 3 £ v^Vse, (3.11) 

where S = S 3 is a spacelike hypersurface in dM.^ with a timelike unit normal w M , N% 
is the norm of the timelike Killing vector in (13.11) . a is the determinant of the induced 
metric on E, and e is the proper energy density 

e = uWT^. (3.12) 

The quasilocal stress tensor T^ v for our background is obtained from the variation of 
the full action 

C _ QT i c i ocounter (o -\ n\ 

Jtot — <->5 + &GH + "J , ^O.lOJ 

with respect to the boundary metric 8h^ u 

T^ = ^=^. (3.14) 
y/—h oh^ 



An explicit computation yields 

1 



rpflU 



8nG 5 
where 



-0"" + - 3h^ 



(3.15) 



6^ = \ ( W + Vn") , 6 = Tr Q"" . (3. 16) 

Again, the renormalized stress energy tensor is finite. 

Inserting the black hole solution into the above action (I3.13P and renormalized 
stress tensor (13.151) . we obtain the action and mass 



Ie 

(3.17) 



167rG 5 



M ^ 



16ttG 5 

Notice that, by using (13.61) and (13.171) . we find the expected thermodynamical relation 

I E = fi(M — [i$ q) — S B h , (3.18) 
where fig is the chemical potential conjugate to the physical black hole charge density 

i= T* (3 ' 19) 
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related to the gauge potential A t (13.21) at the horizon, r = 



N 8vrG 5 V3 



V " Q (3.20) 



r=r+ 



8vrG 5 y/3 



The factors of in fl3TT9|) and (13T201 come from the noncanonical normalization of 
the gauge field in (12. 71) . 

We may now identify the thermodynamical quantities of the charged black hole 
{Ie, M, Sbh', Th, Hq} with the appropriate gauge theory quantities {Q, E, S, T, fij} 

{I E , M, S BH ; T H , N } < > {Q/T, E, S; T, fij} , (3.21) 

where the thermodynamic potential Q is related to the Helmholtz free energy F in the 
standard way 

tt = F - fijj = E - T S - fijj . (3.22) 

On can explicitly verify that with the identification (13.211) the first law of thermody- 
namics for the grand canonical ensemble with {T, /ij} as independent variables 

dVt = —S dT — J dfxj . (3.23) 

is satisfied automatically. To check (13.231) it is useful to use 

d(/(r + )) = 0, (3.24) 

which is simply the statements that given {fi, Q}, the radius of the outer horizon of 
the BH is given by (13. 5p . 



4 Hydrodynamics 

In this section, we examine the hydrodynamics of the M = 2 Yang-Mills plasma at 
finite .R-charge which is dual to the black hole solution of (13. ip . (13. 2p and (13. 3p . In 
particular, using prescription [35], we compute the retarded Green's function of the 
boundary stress-energy tensor T /i!/ (t,x a ) (/i = {t,x a }) at zero spatial momentum, and 
in the low-energy limit u — > 0: 

Gf 2jl2 (u;,0) = -i f dtd 3 x e^(t)([T 12 (t,x Q ),T 12 (0,0)]> . (4.1) 
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Computation of this Green's function allows a determination of the shear viscosity 77 
through the Kubo relation 

V = I™ ^ [GliaCw, 0) - Gf 2jl2 (u;, 0)] , (4.2) 

where the advanced Green's function is given by G A (u,0) = (G r (uj, 0))*. 

Although the extraction of the retarded Green's function from the -R-charged black 
hole background is somewhat involved, the result turns out to be independent of charge 
and chemical potential. As demonstrated below, we find 



/~iR 
ljr 12,12 



iU ,0) = -_(l + O (-)), (4.3) 



4:71 

where 

is the Bekenstein-Hawking entropy density of the black hole. Inserting this expression 
into (14.21) then yields the universal ratio 

S 47T 

4.1 Computation of the retarded Green's function 

We begin the computation of (14.1 1) by recalling that the coupling between the boundary 
value of the graviton and the stress-energy tensor of a gauge theory is given by 5g\Tf/2. 
According to the gauge/gravity prescription, in order to compute the retarded thermal 
two-point function (14. 1 j) . we should add a small bulk perturbation 8gi2(t,y) to the 
metric (13. II) . and compute the on-shell action as a functional of its boundary value 
5g\ 2 {t). Symmetry arguments [36] guarantee that for a perturbation of this type and 
metric and gauge potential of the form (13. ip and (13.21) . all other components of a generic 
perturbation 5g nu along with the gauge potential perturbations 5A^ can be consistently 
set to zero. 

Instead of working directly with 5gi 2 , we find it convenient to introduce the field 
= (p{t, r) according to 

= \g U $912 = \c- 2 2 5g 12 . (4.6) 

The retarded correlation function Gf 2 12 (co>, 0) can be extracted from the (quadratic) 
boundary effective action Sb OU ndary for the metric fluctuations (fi b given by 

dM 5 

(4-7) 



d k 

S 'boundary W] = / J^~^ ^(-Uj) ^(uj , r) (f) b (uj) 



horizon 
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where 



-iu>t 



<f>(t,r) 



dM 5 



In particular, the Green's function is given simply by 



G?2,i2(^,0)= lim 2f r {u,,r), 
where T is the kernel of (14. 7p . The boundary metric functional is defined as 



S, 



boundary [ 



lim 



counter r 



(4.8) 



(4.9) 



(4.10) 



where Sl ulk is the bulk Minkowski-space effective supergravity action (j2.7p on a cut- 
off space M.^ (where Ai 5 in (13.11) is regularized by the compact manifold M.\ with a 
boundary dAi^). Also, Sqh is the standard Gibbons-Hawking term over the regularized 
boundary dAi^. The regularized bulk action S r bulk is evaluated on-shell for the bulk 
metric fluctuations 4>(t, r) subject to the following boundary conditions: 



lim 6(t,r) = <p b (t) 

dM^dMs 



(4.11) 



(b) : 0(t, r) is an incoming wave at the horizon . 

The purpose of the boundary counterterm S counter is to remove divergent (as dM. r b — > 
dAis) and ^-independent contributions from the kernel T of (14.71) . 

We find that the effective bulk action for 0(t, r) in the supergravity background 
( I3~TD . (13T2D takes the form 



S, 



bulk I 



16nG, 



C1C2C3 



(fx U 



16ttG 5 
1 



(fx 



2? ~ 2% (<9r< ^ 



(4.12) 



2C2C3 



ci 



+ 8 r 



2c|ci 
c 3 



+ 



2 / 
C 1 C 2 C 2 ^2 

C 3 



The second line in (14.121) is the effective action for a minimally coupled scalar in the 
geometry (13.11) . while the third line is a total derivative. Thus the bulk equation of 
motion for <p is that of a minimally coupled scalar in ( 13.11) . The latter equation is 
simplified by introducing a new radial coordinate^ 

£1 
c 2 

0+ being the horizon and x 



X 



3 With such a definition, x has a range x £ [0, 1] with x 
boundary. 



(4.13) 
1_ the 
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which using (13.31) can be inverted to give the near horizon expansion 

9rl o 81rf(llQ 2 - 90r%) . ^, fiN 

= r+ - 2(^-18^) 1 + 8 ( y 18 f »)3 + < 4 ' 14 > 

Decomposing as 



<f>{t,x) = e-^^x) , (4.15) 
we find that the equation of motion reduces to 

'18c 8 2 - c 2 2 Q 2 + Qxc' 2 c 2 Q 2 + 12x 2 (c' 2 f Q 2 ) , 9uj 2 c 2 2 c' 2 (c 2 + 2c' 2 x) 



=<t>" 



xc 2 (Q 2 - 18c 6 2 ) x 3 (Q 2 - 18c! 



,6\ 
2) 



(4.16) 



where primes denote derivatives with respect to x. 

A low-frequency solution of ( 14.161) which is an incoming wave at the horizon, and 
which near the boundary satisfies 

lim <f> u (x) = 1, (4.17) 

can be written as 

M*) = x ~ im ( F o(^) + ito F u (x) + 0(w 2 )^j , (4.18) 

where to 

» = £f- < 4 ' 19 > 

The functions {Fq, F u }, which are smooth at the horizon, satisfy the following differ- 
ential equations: 

(18c| - c 2 Q 2 + 6xc' 2 c 2 Q 2 + 12x 2 (c' 2 ) 2 Q 2 ) 
xc 2 {Q 2 - 184) 

(184 ~ 4Q 2 + 6x4c 2 Q 2 + 12x 2 (4) 2 Q 2 ) _ 2 64Q 2 (c 2 + 2x4) 

x4(Q 2 -184) w x x4(Q 2 -184) °" 

(4.20) 



Notice that for Q = the dependence on the specific background geometry (c 2 (x) de- 
pendence) drops out and (14.201) coincides with universal equations derived in [7]. In the 
present case, however, since the Q dependence appears highly non-trivial, universality 
is far from assured. 
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The general solution of the first equation in (I4.20p takes the form 
Fo = C 1+ C 2 J dxe^J dy _ ^ j, (4.21) 

where Cj are integration constants. Using the near horizon expansion ( 14.141) . we find 
as x — > 0+ 

/ 270 2 r 6 \ 

F » = Cl + C * " 2(Q--18> +) - X * + ° {X V ■ (422) 
Thus nonsingularity of Fo at the horizon requires C2 = 0. The boundary condition 
(I4.17P further specifies 

F {x) = I. (4.23) 

The solution of the second equation in (I4.20p is a bit more complicated and will be 
discussed in the Appendix. We note here that unlike the universal case [7], given (14.231) 
and the boundary conditions, this solution is non-trivial. Altogether we have 

(j)(t, x) = e-** x- in (1 + itoF u (x) + 0{k> 2 )) . (4.24) 

Once the bulk fluctuations are on-shell (i.e., satisfy equations of motion) the bulk 
gravitational Lagrangian becomes a total derivative. From (I4.12p we find (without 
dropping any terms) 

C 5 = d t J l + d r J r , (4.25) 



where 



2ci 



3 C 3 Cl cW (426) 

J =— <j)O r (p-\ . 

2c 3 C 3 

Additionally, the Gibbons-Hawking term provides an extra contribution so that 

jr _> jr _ 5r - 2 . (4.27) 

c 3 c 3 

We are now ready to extract the kernel T of ( 14.7ft . The regularized boundary 
effective action for is 

SboundaryW = T tJ L 7 T [ dt d 3 X ( <f>d r <i) + C.t . , (4.28) 
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where as prescribed in [35], we need only keep the boundary contribution. In (14.281) 
c.t. stands for (finite) contact terms that will not be important for computations. 
Substituting ffi~2M into (T4T28D we can obtain T r {oo,r): 

'> = " 3^ + ° <»» '^(^H 1 "^}' (4 ' 29) 

where we have recalled the definition of x in (14.131) . Thus, to order 0(xv 2 ), we have 

l imF ( Wjr ) = _^ x i im (i_^M\ (4.30) 



327rG 5 x-»i_ [ dx 
where we used ( 13. 3p . Now, given (1A.1I) and (1A.8[) . we finally obtain 



lim jF r (u;,r) = — ^ x lim F{x) 
r— >oo 327rG5 



itn^ / 7rTri\ icu r? iuos 



(4.31) 



16ttG 5 V /x J 8tt 4G 5 8tt ' 

where we have used the expression for the entropy density (14.41) as well as the definition 
( I4.19p . Using (14.91) to extract the Green's function from T r then gives 

G* U ( W ,0)«-^, (4.32) 

at least in the low frequency limit ui — > 0. This is the result claimed in (I4.3p . giving 
rise to the universal ratio of shear viscosity to entropy density (14. 5 j) . 

4.2 The sound speed 

We conclude this section by computing the speed of sound in the SCFT P,IJ plasma. 
Using the fact that the thermodynamic potential is 

ft = -PV 3 (4.33) 

where P is the pressure, we find from (I3.2ip and (13.171) that 



which further implies that the speed of sound is 



independent of the value for the chemical potential. 
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5 Conclusion 



In the first half of this paper, we have derived explicit Kaluza-Klein reduction ansatze of 
IIB on T 1 ' 1 = Y 1,0 and Y p ' q , yielding in both cases minimal Af = 2 gauged supergravity 
in five dimensions. Although the Kaluza-Klein spectra of these reductions include 
additional vector multiplets in the massless sector [SU (2) x SU{2) for T 1 ' 1 or SU (2) x 
U(l) for generic Y p,q ), these vectors cannot be retained in a consistent truncation [29]. 
In fact, this inconsistency even precludes the retention of the vectors in the ^(l) 2 
subgroups of the above groups. As a result, we see that it is in fact not possible to 
realize the M = 2 STU model from T 1 ' 1 or Y p,q reduction, even though this attractive 
possibility is otherwise suggested from the linearized Kaluza-Klein analysis. 

Our main result is a demonstration that the shear viscosity of SCFT P,,? plasma with 
nonzero U(1)r symmetry charge chemical potential is universally related to the entropy 
density (11. ip . For p = q, a cone over Y p ' p is a Z 2p orbifold of C 3 , and hence the dual 
superconformal quiver plasma is just a Z 2p orbifold of the M = 4 Yang-Mills theory. 
It is probably not surprising that the orbifold quivers of M = 4 Yang-Mills plasma 
have a universal shear viscosity with nonzero chemical potential, much like the parent 
gauge theory [13-16]. What is rather unexpected, however, is that the universality 
( JUT]) is also true for the Y 1 ' = T ' x superconformal gauge quiver, which arises as a 
nontrivial superconformal infrared fixed point of the renormalization group flow from 
the Z2 orbifold of M = 4 supersymmetric Yang-Mills in the ultraviolet [33]. Thus it is 
natural to conjecture that the ratio r]/s is a constant along the renormalization group 
flow, and as such, must be true for any strongly coupled gauge theory plasma with 
nonzero chemical potential which allows for a (gauged) supergravity dual. Needless to 
say, it would be very interesting to prove this conjecture, and if it is true, understand 
its applications for the charged black holes in string theory. In particular, one should 
try to understand the shear viscosity of the gauge theory plasma with a finite chemical 
potential but with c s 7^ l/\/3. An example of exactly such a model would be the 
cascading gauge theory plasma [37-40]. 
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A Solution for F, 



As is clear from (I4.30p . what we really need for the computation of the shear viscosity 
is not Fu, but rather it's derivative. We thus introduce 

F{x) = -± + (A.l) 
Given the analytical solution for F(x), F u can be found by integrating flA.lH 

dyF(y)+lnx. (A.2) 



We now note that nonsingularity of F w at the horizon x — > + implies that 

F = - + 0(1). (A.3) 

x 

Using the definition (IA.10 . one finds from the second equation in (I4.20p 

_ dF 184 ~ 4Q 2 + 6xc 2 c' 2 Q 2 + 12x 2 (c' 2 ) 2 Q 2 
dx xc 2 {Q 2 - 184) ' 

In terms of the r coordinate [see (j4.13j) ] (IA.4I) takes form 

n _dF (5Q 4 + 18r 6 Q 2 - 54Q V 2 + 108/i 2 r 4 ) 



where we used the explicit background solution (13.31) . A general solution of flA.51) takes 
the form 

Cr 5 

F = (9r 6 + Q 2 - 9 / ur 2 ) 1 /2(g2 _ ' ( A - 6 ) 
where C is an arbitrary integration constant. Using r = r(x) = &2,{x) given by (I4.14p . 
the boundary condition (1A.2I) determines 

C = = 18,Trl , (A.7) 

' + 
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where we used the expression for the temperature (13.61) and (13.51) . Using (1A.6I) and 
flA.7j) . we can finally evaluate 



C nTr 3 

lim F(x) = lim F(r) = = ± . (A.i 

x-*l- r^oo 18yU /i 
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